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Let M, A'^ be real- valued martingales such that TV is differentially subordinate to M. The paper 
contains the proofs of the following weak-type inequalities: 
(i) If M > and < p < 1, then 



||iV||,,^<2||M||, 



and the constant is the best possible, 
(ii) If A/ > and p > 2, then 



I|a^I1p.oo<|(p-i)-^/''I1m|1p 

and the constant is the best possible. 

(iii) If 1 < p < 2 and M and A'^ are orthogonal, then 



where 

1 (lY~^ 1 -f 1/3' H- 1/5^ + 1/7^ + ■■■ 
" ^ r(p-hl) ' V2/ ' 1- 1/3P+1 -hl/5P+i - 1/7P+1 + ■••■ 

The constant is the best possible. 

We also provide related estimates for harmonic functions on Euclidean domains. 

Keywords: differential subordination; harmonic function; martingale 

1. Introduction 



The purpose of this paper is to study some sharp estimates for continuous-time martin- 
gales. However, to introduce the main concepts and to present the motivations, we will 
start from the discrete time setting. Let {il,T,P) be a probability space, filtered by a 
non-decreasing family {J-n) of sub-fi-algebras of J-. Let / = (/„) and g = (gn) be two 
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real- valued sequences adapted to (JF„). Let df = (d/„) and dg = (dgn) be the difference 
sequences of / and g, defined by 



fn='^dfk, g„ = ^dgfc, n = 0,1,2, 



k=0 k=0 

Following Burkholder (1989), we say that g is differentially subordinate to / if 

|d.g„|<|d/„|, n = 0,l,2,... (1.1) 

almost surely. For example, this takes place if 5 is a transform of / by a predictable 
real sequence v = {vn), bounded in absolute value by 1; that is, we have dg„ = Vndfn, 
^{\vn\ < 1) = 1 and Vn is measurable with respect to ^(„_i)voi = 0, 1, 2, . . . . 

Throughout the paper we assume that / and g are (^ji)-martingalcs. The problem of 
comparing the sizes of / and g under the assumption of differential subordination has 
been studied in depth in the literature. For p £ (0, 00), let 

|j/||p = sup|l/„||p = sup(E|/„|P)i/P 

n n 

and 

ll/llp,oo = sup WfnWp.oo - sup A(P(/* > A))'/^ 
n A>0 

denote the strong and weak p- norms of a martingale. Here /* = sup„ |/„|. For 1 < p < 00, 
let p* = ma.x{p,p/ {p — 1)}. Let us start with the result by Burkholder (1984). 

Theorem 1.1. Assume g is differentially subordinate to f . 
We have 

\\9\\p,oo<Y^^^\\f\\p, 1<P<2 (1.2) 

and 

\\9\\p<ip*-m.f\\p, i<p<^. (1.3) 

Both constants 2/T{p+ 1) and p* — 1 are optimal. 

One can check that neither of the estimates above holds for p < 1. The weak- type 
inequality for the remaining set of parameters p was proved by Suh (2005). 

Theorem 1.2. Assume f and g are real-valued and g is differentially subordinate to f. 
Then 



||5llp,oo< ( ^ ) 2<p<^. (1.4) 

The inequality is sharp. 
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If one imposes the additional assumption on the sign of the dominating martingale 
/, the optimal constants change for some values of p. Here is one of the main results of 
Burkholder (1999). 

Theorem 1.3. Assume g is differentially subordinate to f and f is non-negative. Then 



ll5llp<Cp||/|U 
where the optimal constant Cp equals 



p-i 



i/p 



1 < p < oo, 

ifl<P<2, 
if 2 <p < oo. 



Hence the optimal constant in the moment inequalities (1.3) decreases if and only if 
2 < p < oo. Furthermore, a closer inspection of the proof of (1.2) (see Burkholder (1984), 
example (4.24), page 657), which shows that the best constant in the inequality (1.2) for 
non-negative martingale / is still 2/r{p+ 1). There is a natural question of what can be 
said if <p < 1 or p > 2. The answer is contained in the following theorem. 

Theorem 1.4. Assume f is non-negative, g is real-valued and g is differentially subor- 
dinate to f. Then 



l!<?llp,oo<2||/||p. 



0<p< 1 



||5lkoo<|(p-l)-'/^||/||p, 2<p<oo. 



(1.5) 



(1.6) 



The inequalities are sharp. They are already sharp if g is assumed to be a transform of 
/• 



Now let us turn to the continuous-time setting. Suppose (fl,J-,¥) is a complete prob- 
ability space, equipped with a filtration (J-t)t>o, such that J-q contains all the events of 
probability 0. Let AI = (Mt) and N = (Nt) be two real-valued semimartingales, which 
have right-continuous paths with limits from the left. The continuous-time extension 
of the differential subordination, which is due to Banuelos and Wang (1995) (see also 
Wang (1995)), can be formulated as follows: The semimartingale is differentially sub- 
ordinate to M if the process {[M,M]t — [N,N]t) is non-negative and non-decreasing. 
Here {[M,AI]t) denotes the quadratic variation process of M; see Dellacherie and Meyer 
(1982). This notion is a generalization of (1.1). To see this, note that if one treats discrete- 
time sequences /, g as continuous-time processes, then 

It] 

k=0 
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is non-negative and non-decreasing if and only if (1.1) is valid. 

As an example, assume X is a real- valued martingale and K = (A'^) and H = (Hg) 
are predictable processes such that \H\ < \K\ with probability 1. Let M, N be the Ito 
integrals of K, H with respect to X; that is, 

Mt = KoXo + f Ks dX,, Nt = HqXo + f Hs dX,. 
Jo Jo 

Then, as 

[M,M]t - [N,N]t = {\Ko\^ - \Ho\^)\Xof + f \K,\' - \H,\'d[X,XU 

Jo 

we have that TV is differentially subordinate to M . 

All the results above have their counterparts in this new setting. For Theorem 1.1, 
see the paper by Wang (1995), where a lot of information on transferring inequalities 
from discrete- to the continuous-time settings can be found. Burkholder's method of 
proving martingale inequalities involves a construction of a special function, satisfying 
certain convexity-type properties. Once such a function is found, the continuous-time 
version follows from Ito's lemma and the smoothing or stopping time argument. For 
other examples and discussion, see the papers by Baiiuelos and Wang (1995) and Suh 
(2005). 

Our approach follows the same pattern. To establish Theorem 1.4, we invent a special 
function and prove the following stronger result. 

Theorem 1.5. Assume M is a non-negative martingale and N is differentially subordi- 
nate to M . Then 

||^||p,oo<2l|AfI|p, 0<p<l, (1.7) 

and 

||iV||p,„o<|(p-l)-i/f!|M||p, 2<p<^, (1.8) 
and the inequalities are sharp. 

We prove the case p < 1 in Section 2. Then we deal with the second part of the theorem. 
As the proof is quite complicated, we divide it into a few steps. First, in Section 3, we 
show that the constant p/{2{p— 1)^/^*) can not be replaced by a smaller one. Section 4 
contains the study of a particular auxiliary differential equation, the solution of which 
will be needed in Section 5 in order to construct the special function. Wc complete the 
proof of Theorem 1.5 in Section 6. 

In the second part of the paper we drop the condition M > and deal with weak-type 
estimates for differentially subordinated continuous-time martingales under the addi- 
tional orthogonality assumption. Wc say that M and N are strongly orthogonal if their 
covariance process [M, A'^] is constant with probability 1. In such a case, for convenience, 
wc will skip the word "strongly" and say that M and N arc orthogonal. 

Our result can be stated as follows: 
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Theorem 1.6. Assume M,N are real-valued orthogonal martingales with N differen- 
tially subordinate to X . Then, for 1 <p <2, 

\\N\\p^^<Kp\\M\\p, (1.9) 

where 

P T{p+1) 
The inequality is sharp. 

The theorem above for the particular case p = I was proved in Banuelos and Wang 
(2000) using the ideas of Choi (1998). Their approach, again based on a construction of 
a special function, is analytic. In Section 7, we propose a different proof that is more 
probabilistic in nature. 

Finally, the last section of the paper is devoted to related results in harmonic 
analysis. As exhibited in Burkholder (1991) and Burkholder (1999) (consult also 
Banuelos and Wang (1995) for the orthogonal case), the inequalities for differentially 
subordinated martingales are accompanied by their analogues for harmonic functions 
on Euclidean domains. Section 8 contains such extensions: the harmonic versions of the 
inequalities (1.7)-(1.9). 




l + l/3' + l/5' + l/7' + --- 
' 1-1/3P+1 + 1/5P+1-1/7P+1 + ---' 



2. Theorems 1.4 and 1.5: the case < p < 1 

We start with an auxiliary lemma. Recall that for any semimartingale X there exists a 
unique continuous local martingale part X''' of X satisfying 

[X,X]t = \Xo\' + [X',X']t+ J2 l^^^l' 

0<J5<t 

for all t>0. Furthermore, = [X,XY, the pathwise continuous part of [X, X]. 

Here is Lemma 1 from Wang (1995). 

Lemma 2.1. The process Y is differentially subordinate to X if and only if Y'^ is 
differentially subordinate to X'^, the inequality \AYt \ < |AXt| holds for all t > and 
\Yo\<\Xo\. 

Now let us introduce the special function W : M+ x M ^ M, constructed in Burkholder 
(1994) to study the weak-type inequality for non-negative supermartingales. It is given 
by 



W{x,y) 



2x-x^ + \y\^, \ix + \y\<l, 
1, iix+\y\>l. 
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The following functions (/):R+xR-^]R, -0:K+xR^IR will be needed later: 

= 2 - 2x, ip{x,y) = 2y ifa; + |y|<l, 
(t){x,y)=0, tp{x,y)^Q itx+\y\>l. 

Note that (j) ^md ip coincide with the partial derivatives Wx, Wy except for the set 
{{x,y) :x+ \y\ = 1}. It can be shown (see Burkholdcr (1994). page 1016) that if a; > 0, 
x + /i>0, ?/,/iGK and \h\ < \k\, then 

W{x + h,y + k) < W{x,y) +(j){x,y)h + ij{x,y)k. (2.1) 

Furthermore, we have 

{x + \y\>l} (2.2) 

and, if |y| < x, then 

W{x,y)<{2x)P. (2.3) 

Indeed, the inequality (2.2) is clear; to see (2.3), observe that it suffices to prove it for 
\y\ = X and then the inequality becomes 2a;l|2a;<i} + l{2a;>i} ^ (2a;)^, which is immediate. 

Proof of the inequality (1.7). We will prove a stronger statement: for any A > 0, 

APP((M+|iV|)*>A)<2P||M||P. 

Here, as in the discrete-time case, X* ~ sup^ \Xt\. Obviously, wc may assume A = 1. 
Introduce the stopping time 

T = inf{<:Aft + |A^t| > 1}. 

By Ito's formula, 

W{MrM, NrAt) = W^(Mo, A^o) + h + 12 + h, (2.4) 

where 
^ Jo 

l2= J2 iWiMs,N,) - WiMs-,Ns-) - Wx{Ms-,Ns-)AM, - WyiM,^,N,^)AN,], 

0<S<TAt 

h= Wx (M,_ , Ar,_ ) AMs + / Wy {Ms- , A^,,- ) diV, . 
Jo Jo 

Note that Ii < 0, which is a consequence of Lemma 2.1. Moreover, as 

WxiMs-,Ns-) = cj){WAMs-,Ns-)) and WyiM^-, N^-) = ^PiW^iM^-, N^-)), 
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we have I2 < 0: Apply (2.1) to a; = Mg-, y = Ng-, h = AMg, k = ANg and observe that 
l^^l ^ 1^1 by Lemma 2.1. Finally, note that I3 is a local martingale. Therefore, there exists 
a sequence {Tn)^^i such that r„ t 00 and, if we replace t with r„ At (n ~ 1,2, . . .) in the 
expression defining I3, then this expression has zero expectation. Combining this with 
the previous observations about Ii and I2, we see that (2.4) gives 

EM^(A/,AT„At, N^at^m) < EW{Mo,No). 
Now we let n 00. As < < 1, Lebesgue's dominated convergence theorem gives 

EWiMrM,NrM)<KWiMo,No). (2.5) 

Apply (2.2) and (2.3) to obtain 

F{MrM + \NrAt\ > 1) < 2PEM^ = 2P||M||P. 

To conclude the proof, fix e > and consider processes M"^ = M{1 + e), N"^ = N{1 + e). 
Clearly, is differentially subordinate to M^, so, if i] = inf{t : + \Nf \ > 1}, we get, 
by the above argumentation, 

P((M + \N\r > 1) = FiiM' + \N'\r > (1 +£)) < }}^nM^At + \N^m\ > 1) 
<2P\\M'\\P = 2P\\M\\P{l+e)P. 
As £ was arbitrary, the proof is complete. □ 

Sharpness of (1.5). Consider the following example: assume the probability space is 
the interval [0, 1] with Lebesgue measure. Let /o = go = 1/2 and 

d/i = -d.gi = -i[0,3/4] + 1(3/4,1] 

and d/„ = dg„ = for n > 2. Here and in the next section, we identify a set with its 
indicator function. Then | = 1 with probability 1 and hence 

||5llp,oo>l = 2||/ol|p = 2||/||p, 

as needed. □ 



3. Sharpness of (1.6) and (1.8) 

The optimality of the constant will be proved by constructing an appropriate example. 
Let p > 2 be a fixed number. Let S > 0, x € {0, 1/p) be numbers satisfying 
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for the integer N = N{S,x). It is clear that we may choose 5 and x to be arbitrarily small. 

Consider a two-dimensional Markov martingale (X„,l^) = {X!^'^ ,Yj^''^), which is 
uniquely determined by the following properties: 

(i) Xo = x, Fo = b - l)x. 

(ii) We have dX„ = dF„ for n = 1, 2, . . . . 

(iii) If {Xn,Yn) lies on the line y = {p — l)x and X„ < 1/p, then in the next step it 
moves either to the line a; = or to the line y = {p — 1 + 6)x/{l + S), n = 0, 1, 2, . . . . 

(iv) If (X„, Yn) lies on the line y = (p — 1 + S)x/ (1 + 5) then in the next step it moves 
either to the line y ~ {p — l)x or to the line y — {p — 2)x/2, n = 0,1,2, ... . 

(v) If {Xn,Yn) ~ 1 — (which happens only if n = 2N), then (Xn+i, y„-|_i) 
equals either (0, 1) or {2/p, 1 — 2/p). 

(vi) The states on the line a; = and y^{p~ 2)x/2 arc absorbing. 
The cxamplary trajectories are presented on Figure 1. 

To be more precise, let the sequence (p„), n = 0, 1, 2, . . . , 2N be given by 

P'-=[ ip + 2S){l + S) ) ' P-+i=P-TT^' " = 0,1,2,. ..,iV. 
Let the probability space be the interval [0, 1] with Lebesgue measure. Set 

Xo = x[0, 1], dX2n+l = SX2n[0,P2n+l] - X2n{P2n+l , P2n], 



dX2n+2 = -(1 - 2/p)5X2n[0,P27i+2] + X2n ( 1 + ^(5 - (5 ) {p2n+2,P2n+l] 



(3.2) 



for 71 = 0, 1,2,..., iV-1, and 

dX2N+l =X2n[Q,P2n/'A - X2n{P2N /'2.,P2n]- (3.3) 

Furthermore, 

yo = (p-l)a;[0,l], dr„ = (-1)"+MX„, n = 0,l,2,...,2iV + l. 

Note that Y2N+1 = 1 on [0,p27v/2] and < Y2N+1 < 1 on (p2Ar/2, 1], so we have f{Y* > 
1) =P2Ar/2. Furthermore, by (3.2) and (3.3), X2N+1 equals on the union of the sets 
{p2n+i,P2n], n ~ 0,1, . . . , N and the interval (j)2N /'2-,P2n] - Moreover, X2N+1 is equal to 

25^ »+i 



2|^1+— j X on (p2n+2,P2n+l], 71 = 0, 1 , . . . , iV - 1 . 

Finally, it equals 2/p on [0,p27v/2]. Hence we may write 

^^+^~(;' + 2-5)(l + <5)l'+ pj L.[^p + 2S)il + 6) 




2V 1/ p-p6 + A6 



pj 2\{p + 26)il + 5) 



2P{p-2)5 f^^2S 



ip + 25){l + S)\ p 

iip-pS + AS)/ Hp + 2,5)(1 + S)){1 + 2S/p)P)^ - 1 
^ ip-p5 + AS)/ Hp + 2S){1 + 5)){l + 2S/p)P - 1 

2V 1/ p~pd + AS 



pJ 2\{p + 26)il + 6) 
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Now keep x fixed and let ^ to (so that (3.1) holds, with N = N{S,x) oo). Then 



{p + 2S){l + S)J V P {p + 2S)il + d) 



and 



so we have 



P 



[p - pS + 45)/((p + 2(5) (1 + 6))il + 25/p)P - 1 2 ' 



^ 2_nj>^^^iipxr-Hpfp-i)p ^(ly^ i 



P 2 ' \pj 2' 

(2x)P-^ , , , , 

= — {p-l-p{p^2)x) 

P 

and 

P(l2JV+i > 1) l/2{px)P-' pP 



EXP {2x)P-^/p{p-l-p{p-2)x) 2P{p-l)-2Pp{p-2)x 



(3.4) 



Observe that y is a transform of X and |dX„| ~ |dy„| for n > 1. However, Y is not 
differentially subordinate to X a,s Yq — {p — 1)Xq > Xq. To overcome this difficulty, 
introduce the processes Y^ = (r„ ~ (p ~ 2)x)/{l ~ (p ~ 2)x), X'^ = Xr,/{1 - {p - 2)x), 
n = 0,1, . . . ,2N + 1. Then Y' is a transform of X' by the deterministic sequence 
(1,1,-1,1,-1,1,-1,1,...) and P(y2V+i > 1) ^PiY2N+i > 1)- In terms of these new 
processes, (3.4) reads 

P(l2V+i>l) pP{l-x{p-2))P 



E{X^j^^,)P 2P{p-l)-2Pp{p~2)x 

and it is clear that the limit can be made arbitrarily close to pP /2P{p — 1) by choosing x 
sufficiently small. This proves the sharpness of (1.6) and hence the sharpness of (1.8) as 
well. 



4. A differential equation 

Let p > 2 be fixed. The purpose of this section is to study a solution to a certain differen- 
tial equation. A very similar equation appears in Suh (2005) and our arguments are par- 
allel to those used there. We will show that there exists a function h : [1, oo) — > [2/p, oo), 
which enjoys the following properties: 



the function h is increasing and continuous on [l,oo), 
h{t)>t-l foralH>l, 



(4.1) 
(4.2) 
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h is difFerentiable on (l,oo) and 

/i'w^Q)' ihit)r~nHt)~t+i)-\ 

h{l)^h'{l+) = 2/p. (4.4) 

The problem above is equivalent to the existence of the function G: [2/p, cx)) — > [l,oo) 
satisfying the following properties: 

the function G is increasing and continuous on [2/p, cx)), (4-5) 

Git) <t+l for aU t > 2/p, (4.6) 
G is differentiable on (2/p, oo) and 

P+i 



G'(t)=(|) iP-2(t + l-G(t))^ 



(4.7) 



To see the equivalence, note that if h satisfies (4.1)-(4.4), then G = satisfies (4.5)- 
(4.8) and if G satisfies (4.5)-(4.8), then h = G-^ satisfies (4.1)-(4.4). 
As (4.7) has the Riccati form, we can use the transformation 

k{t) = exp 



(f)' y''-'{y + l-G{y))dy 



1 2/p 

to obtain the following differential equation for k: 

y/c"(y) + (2-p)fc'(2/)- (^ly^ yP-'kiy) = 0. (4.9) 

For a fixed a > — 1, let be the modified Bessel function of the first kind (see 
Abramowitz and Stegun (1992)). That is, 

, >^ (z/2)^^+" 
"^^^"^/fc!!r(a + fc + l) 

and we have 

z^l'^iz) + zl'^iz) - (z^ + a^)Ia{z) = 0. 
One can check that the functions 

fcl(t)=t(P-l)/2/_(p_l)/^(zo) 
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and 

fc2(0=t<P-^'/'/(p-l)/p(zo), 



where zq = {p/2)P~^tP , are two linearly independent solutions on (0, oo) to equation 
(4.9). As the functions la are infinitely differentiable on (0, oo), so are ki and fc2- Let oi, 
02 be two numbers such that fc = aifci + 02^2 satisfies 

fc(2/p) = l and k'{2/p) = tj. (4.10) 
If one rewrites (4.9) in the form 

p+i 



yk"iy)^{p-2)k\y)+(y^'' y^-'kiy), 



then it follows from (4.10) that fc, fc' and fc" are strictly positive on [2/p,oo). Now it is 
straightforward to check that the function 

has all the properties (4.5)-(4.8). 

We conclude this section with the following lemma: 

Lemma 4.1. We have 

h'it)<l forallt>l. (4.12) 
Proof. This is equivalent to G' (t) > 1 for alH > 2 /p. We have 

G"{t) = (^ly^ [{p - 2)tP-^{t + 1 - G{t)f + 2tP-\t + 1 - G(<))(1 - G'(t))], 

implying that if G' {t) < 1, then G"{t) > 0. Now suppose G'{to) < 1 for some to > 2/p. 
Then, as G'{2/p+) =p/2 > 1, there exists h e {2/p,to) such that G'{ti) = 1 and G'{t) < 1 
for t G {tijia). Now by mean value property, for some ^2 G (^i,^o)j 

G"(i2)-^^^^^^^^^<0, 

io — ti 

a contradiction. □ 



5. The special function and its properties 

Now we are ready to define the special function U . Due to the lack of symmetry with 
respect to the y axis, this function is much more complicated than the one constructed 
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Do 




D4 / 
















D2 . 







Figure 2. The regions D0-D7 for p = 3, intersected with R+ x R+. 



in Suh (2005). Consider the following subsets of M+ x 
Do = {{x,y):\y\>l}, 

2 

Di = <^ {x,y) : {p - l)x < \y\ < X + 1 - - 

P 

p—2 

(x, y) ■ -^—^ <\y\< niin{l ~x,{p~ l)x} 

(x, : X- + 1 < y < 1 - x 

{x,y) :max|l - x, ^.t + 1 - | < \y\ < 1 

/ X ,/ I i\ ^ + Hx + \y\) + X + \y\ , I I ^ -, 
(x,?/) lyl) >x > ^ ^ — and x+\y\>l 

, l-h(x + \y\)+x+\y\ , , f/ 2\ 
^ ^<|y|<niin|fx + l--j,l 

Dj = (R+ X R) \ (Do U L»i U 1)2 U L'a U £'4 U U L»6). 
See Figure 2 for the case p = 3. 
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2P(p-l) 



2P{p-l 



on Do, 



-xP, on(R+xM)\i:»o 



and let us define U {x, y) by 



2P(p-l) 
pP 



2(p-l)(p-2)P-2 



x{\y\ ~x 



,P-i 



p2 - 2p + 2 



2{v-\)(\^x-\y\y 

l-^T^(l-lyl)- 



b-2f+/(|y|-x)], 



2(p-l) 



v 



p 



2P(p- 1 



-(.T + |2;|-l)(x+l-|y|) 



, ^ 2(1 



2 + x-|2;|-G(x-|2;| + l) 



2P(p- 



— (a:-\y\ + ir-'[x-{p-l)il-\y\ 



on Do, 
on Di, 

on 1^2, 
on D3, 

on 

on L)5, 

on Dq, 
on D7. 



The properties of U are described in the sequence of the lemmas below. 



Lemma 5.1. The function U is continuous on x R \ {(0, ±1)} and of class except 
for the set dDo U {ODs n 9i?4 \ (f, ±^)). 



Proof. Clearly, U is of class in the interior of each Dj, j = 0, 1, 2, . . . , 7, so we need 
to check the properties on the boundaries. By symmetry, we may restrict ourselves to 
positive y's. Using (4.4), (4.8) and the definitions of the boundaries, the continuity of 
U can be verified readily. For the second part of the lemma, we calculate the partial 
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derivatives of U : we have 



2P{p-l) 



2(p-l)(p-2)P-2 



{y-xf '^{y-px), 



P 



2(P-1) 



(x + yr-^ip -2)y- (p^ -2p + 2)x], 
, 2(1 -y) 



2(P-1) (l + x-y)^' 

■ 2P{p-l) ^'' + ^ y^'^'^P'^ - (P - 2)(1 - y)] 
2(ft,(a; + y) - x) 



(/i(x + 2/) - (x + y) + 1)2 2P(p-l) 



2(1-|2/|) 



P 



(2 + x-|y|-G(a;-|2;| + l))2 2P(p-l) 
2P(p-l) 



(X-I2/I + ir- 



on D° 



on i:)^' 



on 1?° 



on D° 



on 



on 



on L»: 



on 



while 



2(p-2)P-2 



x{y - x) 



p-2 



-{x + yr~'[2y-{p-2), 



2x 



Uy{x,y) = < 



(l + x-y)2' 



+ ■ 



2(p-l) 2P(p-l) 
2{h{x + y)-x) 

{h{x + y)-{x + y) + l)^' 
2 

(2 + a;-y-G(x-y+l))2 
10, 



(a; + l-2;)f-2[(p_2)x-p(l-2;)], 



[l + .T-G(a:-y + l)], 



on 

on D1, 
on Z?: 



2j 



on D 



3' 



on D|, 



on Dl 



on 

on D°. 



AU that is left is to check that the partial derivatives agree on the boundaries. 



□ 



Lemma 5.2. For y >0, Uy is non-negative. 



Proof. This is clear on D1, D^, D^, D?, and On D^, we have 



Uxy{x,y) 



2P 



-{x + l-yr~''{x-y)<0 
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and, consequently, 

2 \ p2 / 2 



Uy{x,y)>Uyi^y-l + -,yj=iji^y-l + -j > 0. 

On Dq, we have G(l + x — y) < x + y (as it is equivalent to 1 + x — y < h{x + y), one of 
the inequalities defining Dq). This can be further bounded from above by I + x, which 
yields the claim. □ 

The most technical lemma is the following: 

Lemma 5.3. Suppose {x,y) belongs to the interior of Dj for some < j < 7. Then for 
any h, k we have 

U^Ax,y)h^ + 2U^y{x,y)hk + Uyy{x,y)k^ < 0. (5.1) 

Proof. We start with the observation that the inequality holds if {x, y) belongs to or 
D^; indeed, Uxy = Uyy = and Uxx < there. For {x^y) lying in the interior of one 
of the remaining sets, note that U has the following property: one of the functions 
t ^ U{x + t,y + t), 1 1-^ U{x + t,y ~ t), is linear on some neighbom-hood of 0. Hence 

Uxxix,y) + 2Uxy{x,y) + Uyy{x,y) = (5.2) 

or 

Uxx (x, y) - 2Uxy{x, y) + Uyy{x, y) = 0. (5.3) 
Now if (5.2) holds, we may write 

Uxx{x,y)h'^ + 2Uxy{x,y)hk + Uyy(x,y)k'^ 

^ Uxx{x,y)+Uyy{x,y) _ ^ Uxx{x,y)-Uyy{x,y) _ ^2<| 

while if (5.3) is valid, we have 

Uxx{x,y)h^ + 2Uxy{x,y)hk + Uyy{x,y)k'^ 

^ Uxx(.x,y) + Uyy{x,y) ^ ^^^2 ^ Uxx{x,y)-Uyy{x,y) ^^2^ 

Therefore (5.1) will hold once we have established the inequality 

Uxx<-\Uyy\. (5.4) 

As previously, with no loss of generality we may assume y > 0. 
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Straightforward computations show that 



^ -iy~xr-^ipx-2y), 



2{p~2)P 
-p{x + y)P-^ 
4 

pP 



p2 - 2p + 2 



x + y], 



U,4x, y) = { -'-{x + 1 - yr-\px + (p - ^){y - 1)), 

2 



(/i(a; + 2/)-(a- + y) + l)2 

-2 + (a; + y — — — 

+ ?/) - (x + y) + 1 

4(l-y)(l-G^(a;-y+l)) p^+i _ 

(2 + a;-y-G(a--j/ + l))3 2^ ' 



on Dl, 



on Df, 



on Dl, 
on i:>|, 



on Dl, 



on Lig 



and 



2(p-2) 



— {y-xY-^.(^p-2), 



~p(x + y)f-3 
4 



•"2; - b - 1)2/ , 



Uyy{x,y) = < 



(l + x-y)3'^' 

+ 1 - y)P-^-{p - 4)x + p{l - y)), 
2 

+ y) - (x- + y) + 1)2 

2(fe(x + y)-x)(fe'(x + y)-l) 

^ ^ + + + i 

4{l-y){l-G'ix-y + l)) , 2(2 - G'(a; - y + 1)) 



(2 + a; - y - G(a; - y + 1))3 (2 + x- - y - G(a- - y + 1))2 
Now let us check (5.4). On D1 it is equivalent to 

px — 2y < —{p — 2)x or y>(ji—l)x, 



on D1, 
on 

on D°, 



on 



on Z?5°, 



on L>g. 



which follows from the definition of Di. On D2, the inequalities C/^^a; + Uyy < 0, iXra; — 
Uyy < can be transformed to —p{x + y) < and (p — 2){y — {p — l)x) < 0, respectively, 
which are valid. On D^^ the inequality is verified easily. On D4, the estimates Uxx + tA/y ^ 
Oj Uxx ~ Uyy < are equivalent to 



2(p-2)(l-x-y) <0 and - 4(1 - y + x) < 0, 
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respectively, which hold true. On D^, it is obvious that Uxx < Uyy, while the inequality 
{h'{x + y)- l){-h{x + y)+x~y + l) 



Uxx < ~Uyy reduces to 



h{x + y)-{x + y) + l 



<0, 



which is guaranteed by (4.12) and the definition of D5. Finally, assume {x, y) G D^. Then, 
by (4.7), 

?!—(x^v + ir-' = ^G'jx-y + l) 

2P ^' ^ ' i2 + x-y-Gix-y + l)y 

and it is easy to see that Uxx{x,y) < Uyy{x,y). The inequality Uxx{x,y) < —Uyy{x,y) is 
equivalent to 

4(l-G'(a;-y+l)) 

:(x + y-G{x~y+\))<Q. 



{2 + x~y~G{x-y + l)f 



To prove its validity, note that G' > 1, which is a consequence of (4.12), and x + y > 
Gix — y + 1), which is equivalent to h{x + y)>x — y + 1, one of the inequalities in the 
definition of Dq. 

The proof is complete. □ 

As in the proof of the case p < 1, we extend the partial derivatives of the special 
function to the whole M+ x M. Let (j), ip : K+ x ^ M be given by 



4'{x,y) 



Ux{x,y), \i{x,y)idD^r\dDi, 
Uxix+,y), ifix,y)edD3ndDi, 



Uy{x,y). ii{x,y)idDa\J{dDzr\dDi), 
tP{x,y)={ Uyix+,y), iiix,y)&dD3ndDi\{iO,0)}, 
Uy{x,y+), if{x,y)€dDo 

and extend them to the whole R x R by 4>{x,y) = 4>{x, —y), ip{x,y) = —ip{x, —y). 
The further properties of U are described in the following lemma: 

Lemma 5.4. (i) Let x>Q,x + h>Q and y,k eR. Then 

U{x + h,y + k) < U{x,y) + (f){x,y)h + ij{x,y)k. (5.5) 

(ii) Let X G R+ and y G (— 1, 1). Then the function Hx^y, defined on {t:x + t>Q and — 
l<y + t<l} and given by 

Hx,v{t) ^(f>{x + t,y + t)- i^{x + t,y + t), 



is non-increasing. 
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Proof, (i) Consider a continuous function L = Lx.y.h,k defined on {t : x + th > 0} and 
given by 

L{t) ^u{x + th,y + tk). 

The inequality (5.5) is equivalent to L(l) < L(0) + L'{0) (with L'(0) replaced by a left- 
or right-sided derivative if {x, y) belongs to ODq or dDy, n dD^) and will follow if we show 
that L is concave. To this end, it suffices to prove that L"{t) < for those t, where the 
second derivative exists, and L'{t—) > L'{t+) for remaining t, satisfying x + th>0. The 
first inequality follows from 

L"{t) = Uxx{x + th,y + tk)h^ + 2Uxy{x + th,y + tk)hk + Uyy {x + th,y + tk)k^ < 0, 

due to (5.1). To deal with the second, recall that L is of class except for {x +th,t + 
tk) belonging to ODq or dDj, n dD^. Hence, by the transity property Lx^y^h,k{t + s) = 
Lx+th,y+tk,h,k{s), all we need is L'(0— ) > L'{0+) for {x,y) belonging to one of these sets. 
As Lx^y^h,k is concave if and only if Lx,y.~h,~k is concave, we may also assume h> Q. 
Now, if {x,y) £ BDq, then Ux is continuous in {x,y) and 

L'(O-) - L'(0+) = {Uy{x,y-) - Uy{x, y+))\k\ = Uy{x, y-)\k\ > 

by Lemma 5.2. Suppose then that {x, y) G dD^ n dD^. We have 

The latter inequality is a consequence of ft. > fc and 



2(p-l) 2a; 2{p-l) 2x{p 



— [p{l-px)-{l-{pxr)]>0, 



which follows from the mean value property. 

(ii) If {x + t,y + t) lies in the interior of one of the sets Dk, k = 1,2, ... ,7, then 

H'xjt) = Uxx{x + t,y + t)- Uyy{x + t,y + t)< 0. 

Therefore we will be done if we show that Hx^y is continuous. By Lemma 5.1, we only 
need to check continuity for t determined by {x + t,y + t) E dDj, n dD^, [x + t,y + t) ^ 
{2/p, zt{p — 2)/p). li y + t> 0, then one can check, using the formulae for Ux, Uy, that 

\imHx,yit') ^ Imi [C/,(x + t',y + t') ~Uy{x + t' , y + t')] = = H,.y{t). 

For y + t<Q this follows from the fact that Hx,y{s) = Ux{x + s+,y + s) — Uy{x + s+,y + s) 
for s lying in some neighbourhood of t (both the partial derivatives are defined by the 
formulae for D4 and hence are continuous). □ 
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Lemma 5.5. (i) For any x >0, y S R satisfying \y\ < x we have U{x, y) < 0. 
(ii) We have U >V . 

Proof, (i) Using (5.5), we may write 

U{x, y) < U{0, 0) + 0(0, 0)a; + ^'(0, 0)y = 0, 

as claimed. 

(ii) The inequality is clear on Do. For {x,y) ^ Do, use Lemma 5.2 to obtain 
Uix,y)>U{x,0) = V{x,0)^V{x,y). 
This finishes the proof. □ 

6. The proofs of the inequaUties (1.6) and (1.8) 

For the sake of convenience, the proof is divided into a few steps. 

Step 1. We start with a smoothing argument and correct the function U in such a way 
that the key properties are still valid (the inequalities (6.1), (6.2) and (6.3) below). Let 
£ > be fixed and m be a positive integer satisfying 1/m < e. Let gm R+ be a C°° 

function with support inside the ball Bm centered at and radius 1/m. Furthermore, 
assume g,n has integral 1 and define U™ : [1/m, oo) x M — *■ R as the convolution of U 
with the function g,n- Note that J7™ is infinitely differentiable. Moreover, by Lemma 5.4 
(i), J/™ is concave along the lines of a slope not greater than 1 in absolute value, as 
convolving with a positive function does not affect this property. Therefore, we have 

C/™±2f/™+[/™<0 (6.1) 

and, ior x,x + h> 1/m, y, fc G M such that > |fc|, 

U'^^ix + h,y + k)< U"\x,y) + U^'{x,y)h + Ul''{x,y)k. (6.2) 

Furthermore, by part (ii) of this lemma, for any x > 1/m, \y\ < 1 — 1/m, the function 
HjPy, defined on a (small) neighbourhood of by 

H"\t) - t/™(x + t,y + t)~Ul'\x + t,y + t), 

is non-increasing. To see this, note that by integration by parts and continuity of U on 
(0, oo) X R, we have 

K\it)^ / H.x-u.v-v{t)gm{u,v)dudv 

(here, H under the integral is defined as in Lemma 5.4 (ii)). Thus 

(i7™^)'(0) = U!/!,{x,y) - Ul1{x,y) < for x > 1/m, ly| < 1 - 1/m. (6.3) 
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Step 2. Here we will introduce the key stopping time. With no loss of generality we 
may assume ||Af||p < oo. For 77 < 1, let R = R{T],e) denote the greatest number r such 
that 

U{x, y) > vM\y\>i~e} - 2P(p-lf '' ^""^ all X < r, 2/ e K. (6.4) 

Note that if ?/ is fixed and £ j 0, then R{ri,e) 00. This is a consequence of 
Lemma 5.5(ii). 

Let Mt ~ Mt + e and introduce the stopping time 

T = mf{t : |iVt| > 1 - £ or M > R}. 

Step 3. We have 

EU"'{MrAt,NrM)<EU''\Mo,No). (6.5) 

This can be proved essentially in the same manner as (2.5): apply Ito's formula, group 
the expressions under the integrals in appropriate way and use inequalities (6.1), (6.2) 
and (6.3) together with the differential subordination of N by M. 
Step 4. This is the final part. Note that we have the estimate 

l>U"\x,y)> inf Uix-x\y^y')>-—^—-ix + sr. (6.6) 

{x\y')eB„, 2P(p-l) 

The martingales (AfrAt), (-^ta*) converge almost surely, so by Lebesgue's dominated con- 
vergence theorem, if we let f — > cxd in (6.5), we get 

E[/" (Mr , A^r ) < {Mo ,Nq). 

We have — » U pointwise as m — *■ 00 and by (6.6) we may again use Lebesgue's theorem 
to obtain 

Now EU{Mo, Nq) < by Lemma 5.5(i). For the first expression appearing on the right, 
we use the inequality (6.4). For the second one, we use the bound 



U{x,y)> 



2P(P"1) ' 

which is a trivial consequence of Lemma 5.5(ii). We arrive at 

> iin\Nr\ >l-e,AX<R)- ^p^^'_^^ EM^ 

Therefore, 

?7P(iV* > 1) < rjF{N* > 1, aX <R)+ 7jFiMr > R) 
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< V^{Nr > 1 - e, Mr <R)+ r]F{Mr > R) 



Here, in the third passage, we used Chebyshev's incquahty. Now let e ^ to obtain 

TiF(N* > 1) < — r||M||^- 
As 1] was arbitrary, the proof is complete. 

7. The proof of Theorem 1.6 

Let us begin with the following inequality. We omit the straightforward proof. 

Lemma 7.1. Let I <p <2 and x, /i G K. Then 

\x + h\P +\x~ h\P < 2\x\P + 2\h\P. (7.1) 

Now, let (-B,P) = {{B^,B^), {F'x,y){x,y)£R'2) denote the family of two-dimensional Brow- 
nian motions such that for any {x,y), 

P.,3,(So = (.T,lj)) = l. 

Recall the constant Kp given by (1.10) and define ViM^ by V{x,y) = l{|j,|>i} — 
KP\x\P. Throughout this section, t will denote the stopping time 

T = M{t>0:\B^\>l}. 
The special function is defined by 

U{x,y) = Ex.y\Bl\P. 

Note that we have U{x,y) = \x\p for \y\ > 1. It follows from the very definition that U is 
harmonic on S and continuous on M^. Moreover, it is obvious that for any x, y we have 

U{x, y) = U{-x, y) = U{x, -y) = U{-x, ~y). (7.2) 

We study the further properties of the function U in the lemmas below. First we will 
provide an explicit formula for U . To do this, let H = {{a, (3) : (3 > 0} denote the upper 
half-plane and define W : iJ ^ K as the Poisson integral 
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Clearly, W is harmonic on H . Furthermore, we have 

hm W{a,P)^(lY\\og\t\\P. (7.3) 

Consider the conformal map (/) on S — {{x,y) : \y\ < 1}, defined by 

</)(x,y)=0(z)=ie"^/2. 
It is easy to check that (j) maps S onto H. 
Lemma 7.2. (i) We have the identity 

(ii) FKe /laue [/(0, 0) = A'-P. 

Proof, (i) Note that both sides of (7.4) are harmonic on S, continuous on (for the 
right-hand side, use (7.3)) and equal on the set {{x,y) : \y \ > 1}. This proves the claim, 
(ii) Using the first part of the lemma, we may write 

2y+'^°° \ logt\P 



7 ds 



Here we have used the identity 

°° 1 2 

Lemma 7.3. For fixed a; G R, i/ie function U{x, ■) is concave on (—1, 1). 

Proof. Since U is harmonic on S , an equivalent formulation is that for any fixed y S 
(— 1, 1) the function U{-,y) is convex. However, the estimate 

XU{xi,y) + (1 - X)U{x2,y) > U{\xi + (1 - \)x2.y), A G (0, 1), 

follows directly from the definition of U and Jensen's inequality. □ 
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Lemma 7.4. (i) For any x> 0,y £ (0, 1), U^yy > 0. 
(ii) Uxy > on S. 

Proof, (i) Since Ux is harmonic on S, the equivalent statement is Uxxx < 0. Fix x,y as 
in the statement and let e G {0,x). We have 

2Ux{x,y) -Ux{x- e,y) -Ux{x + e, y) = Eo,yf{Bl), 

where 

f{h) = 2\x + h\P-^{x + h)-\x-e + h\P-^{x -e + h)-\x + e + h\P-^{x + e + h). 

Note that / > for /i > —x and f{~x + h) = —f{—x — h) for any h. As r is independent 
of i?^, we infer that the density of B\ under Po,y is decreasing on [0, oo). This implies 
Mo^yf{Bl) > and, since x > and e G (0,x) were arbitrary, we conclude that Ux is 
concave. 

(ii) We have Uy{x,0) = due to (7.2). Thus Uxy{x,0) — and the claim follows from 
the first part of the lemma. □ 

Lemma 7.5. (i) We have U{x,y) > C/(0,0) for any x, y such that \y\ < \x\. 
(ii) We have U {x, y) < \x\'p + K'^ls^^y^^^ for any x, i/ G M. 

Proof, (i) For fixed x, the function U{x, ■) is even, concave on (—1, 1) and constant on 
(—00,1] U [l,c)o). This implies that it suffices to show the inequality for x ~y. However, 
it is easy to check that the function _F, given by F{x) = U{x^x), x G K, is even, convex 
on [—1,1] and increasing on [l,oo). This yields the claim, 
(ii) It suffices to prove the inequality on S . The function 

y ^ Uix,y) - \x\P - /^-^{i.Ki} = Uix,y) - \x\p - K^p 

is even (by (7.2)) and concave (due to Lemma 7.3), so attains its maximum at 0. Hence 
we must show that 

U{x,0) -\x\P -U{0,0) <0, 

or 

Eofil'X + Bl\P <\x\P +Eo,o\Bl\P , 
an inequality which follows from (7.1). □ 

Proof of (1.6). We may assume ||Af ||p < cxo. If N is differentially subordinate and 
orthogonal to M, then N has continuous paths (see Lemma 2.1 in Bahuelos and Wang 
(2000)). We proceed as in the proof of Theorem 1.5. Introduce the stopping time 



a = inf{t:|7Vt| >1}. 
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Applying Ito's formula and using Lemma 7.3 together with the differential subordination 
and the orthogonality property, wc get (see the proof of (2.5)) 

EC/(A/,At, iV^At) > EC/(A/o, A^o). 
This, combined with Lemma 7.2 (ii) and Lemma 7.5, leads to 

E|M,Atr + K-P¥{\N^^t\ < 1) > K-P, 

or 

F{\N,^t\>l)<K;\\Mrr 

Now the proof is completed using the scaled martingales M^, N'^ in exactly the same 
manner as in the proof the inequality (1.7). □ 

Sharpness. Let M = (B^^^), N= {B'^^^). Then N is differentially subordinate and 
orthogonal to M. Moreover, 

V{N* > 1) - KP\\M\\p = 1 - KPU{0, 0) = 0, 

which implies that the best constant in (1.6) is not smaller than Kp. □ 

8. Inequalities for harmonic functions 

In this section we study related weak-type inequalities for harmonic functions on Eu- 
clidean domains. Let n be a positive integer and let D be an open connected subset of 
K". Fix a point ^, which belongs to D. For two real- valued harmonic functions it, v on 
D, we say that v is differentially subordinate to u if the following two conditions are 
satisfied: 

Ke)l<KOI (8.1) 

and 

\yv{x)\<\Vu{x)\ iovanyxGD. (8.2) 

This concept was introduced by Burkholder (1989); see this paper for more information 
and references. We say that u, v arc orthogonal if 

\7v{x) ■ Vu{x) = for any xeD, (8.3) 

where • denotes the scalar product in M". 

Let Do be a bounded domain satisfying ^ g Dq C DqU ODq C D. Let /i^ denote the 
harmonic measure on ODq, corresponding to ^. Consider weak and strong p-norms given 
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by 



\m\p = sup 



Iwllp.oo = supsup[AP//|,^({a; £ dDo : \u{x)\ > A})]^^^, 

i/p 



\u{x)\^dt,yx) 

ODo 



the first supremums being taken over all subdomains Dq as above. 
Now wc state the harmonic analogue of Theorems 1.4 and 1.5. 

Theorem 8.1. Suppose v is differentially subordinate to u and u is non-negative. 
(i) For < p < 1 we have 



and the inequality is sharp. 
(ii) For p>2 we have 



\\v\\p,^<2\\u\\p 



lkllp,oo<|(p-l)-^/''||u||p. 



We do not know if the constant in (ii) is the best possible (except for the case p — 2, 
where, clearly, it is). 

Proof. It suffices to show that for any bounded domain Dq as above we have 

4„({x g dDo : \v{x)\ > 1}) < u{xrdf,%^^{x). (8.4) 

Let B = {Bt)t>o be a Brownian motion in R" starting from ^ and introduce a stopping 
time 

T = TDa=mi{t:BtedDo}. 
Let M, N be martingales defined by 

Mt^u{BrM) and Nt^v{BrM), t>0. (8.5) 

Note that M is non-negative and N is real- valued. The property (8.2) gives jA'ol < |Mo| 
and, combined with (8.1), implies that N is differentially subordinate to M: this follows 
from identities 



[M,M]t = \Mo\^+ f \VuiBs)\^ds, 
Jo 

/•rM 

[N,N]t^\No\^+ |V«(B,)pds. 



Sharp martingale inequalities 



897 



Hence 



e dDo : \v{x)\ > 1}) < F{N* > 1) < 



P 




P 




2(p-l)i/p 



2(p_i)i/p 



Now we show the constant 2 is optimal in (i). Here we use the example of Burkholder 
(1994). Let n = 1, D = (-1,3), ^ = 0, u{x) = 1 + a; and v{x) = 1 - x. Then u, v are 
harmonic, u is non-negative and v is differentially subordinate to u. We have = 
u(^) = 1. Furthermore, for < A < 2 we have |z'(a;)| < A if and only if x S (1 — A, 1 + A), 
which implies 



The version of Theorem 1.6 for harmonic functions can be stated as follows: 

Theorem 8.2. Suppose v is differentially subordinate to u andu,v are orthogonal. Then 
for 1 <p <2 we have 



The inequality is sharp. 

Proof. The inequality is proved by the same argumentation as above, using the martin- 
gales M and N given by (8.5). Their orthogonality is guaranteed by 



We omit the details. 

To see that the inequality is sharp, let n = 2, e > 0, = M x (— 1 — e, 1 + e), ^ = (0, 0), 
u{x,y) =x, v{x,y) =y. Clearly, u, v are harmonic and orthogonal and v is differentially 
subordinate to u. For Dq = (— i?, R) x (—1, 1) and /i ~ mIioi '^c have 



Therefore we cannot replace 2 in (i) by a smaller number. 




□ 



v\\p,oc < Kp\\u\\p. 





which gives 




To complete the proof, it suffices to note that 

lim /i(|f I > 1) = 1 and hence |K'||p,oo > 1 



which implies that Kp is the best possible. 



□ 
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